In the last years, several works have demonstrated the advantage of photon subtracted Gaussian states for various quantum optics and information protocols. In all these works, it was not clear about the origin of such advantages. For the first time, we have extensively studied multi photon annihilated squeezed vacuum state for single phase and correlated phase estimations. We have obtained compact expressions which have not yet reported elsewhere. For single phase estimation, albeit the use of multi-photon annihilated squeezed vacuum states at low mean photons per mode provide advantage compared to classical strategy with equivalent energy, when the total input energies is held fixed, the advantage due to photon subtraction is completely lost. Conversely for the correlated case in analogous scenario, the advantage comes from both the energy rise and improvement in photon statistics. In the last case multi-photon annihilated states show an improvement of more than 50% over un-subtracted state for strong squeezing strength, which increases to three times advantage for week squeezing limit.
I. INTRODUCTION
In the recent years, non-gaussian states have been recognized as a valuable resource for several quantum information protocols [1, 2] . Two basic operations that can lead to non-Gaussian states are photon addition to, or photon subtraction from a Gaussian states [3, 4] . The first attempt in this direction was made by Tara and Agarwal [5] in transferring a classical like coherent state to entirely non-classical state through photon addition and the same operation was experimentally implemented for the first time to coherent and thermal state [8, 10] . Furthermore, photon addition and subtraction have been reported in enhancing entanglement in two mode squeezed vacuum state (TSV) [11] [12] [13] . It is known that each mode of the TSV has super-poissonian photon statistics. In [14] , it has been reported that photon subtraction makes the TSV less noisy and helps in shifting the most probable distribution to higher mean photon number, thereby it increases the mean energy of the resulting state. In the last years, photon subtracted states have been theoretically investigated reporting the advantage over TSVs for target detection in the presence of noise, the so called "quantum illumination" [15] . Recently, their advantage has also been demonstrated in single interferometry with parity measurements [16, 17] . In all these works, it was not clear whether the advantages come from energy shifts, or from the improvement in the photon noise associated with the individual mode due to photon annihilation. An obvious question on fundamental ground arises, if the advantage relies solely on increase in energy, then is it worth to go for probabilistic operation such as photon subtraction, or to increase the source energy. Now in order to answer these fundamental questions, we studied in detail multi-photon subtracted single mode and two mode squeezed vacuum state for single phase and correlated phase estimation respectively.
For alleviating the contribution of vacuum noise [18] , single mode squeezed vacuum (SSV) state mixed with a coherent pump beam is considered to be almost the best known strategy in linear interferometer, such as Mach Zehnder type, in case of large photon number and non negligible losses [19] . Recently it has been demonstrated that with single photon subtracted squeezed vacuum state [20] , Heisenberg's limit (HL) can be reached by balancing the total input energies of squeezed vacuum (SSV) state and squeezed single photon state through a coherent pump. In this paper, we show that a multi-photon subtracted (one) two mode squeezed states is formally equivalent to a state obtained by a (one) two mode squeezing operator applied to a certain class of superposition states in the photon number basis. This class of states have been investigated earlier [21, 22] and they show quadrature squeezing their-self. One could expect that this initial squeezing could bring benefit in phase estimation. We have therefore investigated this possibility.
On the other side the equivalence between photon subtracted squeezed states and squeezing of superposition states, allows to devise alternative strategy for their generation. As an example, a one photon subtraced squeezed state can be generated by seeding a squeezer (non-linear parametric amplifier) by a single photon state. This would in principle remove the need of probabilistic operation, like the detection of the "subtracted" photon and the post-selection of the states on the base of the detection events. More in general, the superposition states which are necessary for seeding the non-linear process corresponds to truncated squeezed states. The number of elements of the truncated state are in simple relation with the order of photon subtraction.
For careful investigation about the origin of the improvement in phase measurement uncertainties if any, we have fixed the total energy by balancing the energies of the subtracted and un-subtracted states keeping the coherent pump energy constant. This choice has not been reported in literature. We shall consider this energy balancing condition for both single and correlated phase estimations.
This paper is organized as follows. In section II, we shall brief the readout strategy of multi-photon annihilated single mode squeezed vacuum (PASSV) state for single interferometry and discuss its usefulness for single phase estimation both in term of quantum fisher information and measurement un-certainty. We shall describe readout strategy of symmetrically multi-photon annihilated two mode squeezed vacuum (SPATSV) state in correlated interferometry in section III. In section IV, we will analyse in detail the statistical properties of SPATSVs by some standard parameters such as Mandel's parameter, photon number distribution (PND), and Noise reduction factor (NRF) at the measuring ports. Section V deals with the results of correlated phase estimation accounting both with, and without energy equivalence. We present results up to four and three photons subtraction for single and correlated phase estimations respectively. Finally we shall conclude with a summary about the worthfulness of multi-photon subtraction for both types of phase estimations in section VI.
II. SINGLE PHASE ESTIMATION
Here we shall start with the frame work of MZI for phase estimation using PASSVs. Similar to Calve [18] who demonstrated the importance of coherent pump mixed with SVs for enhanced phase estimation, we have injected coherent pump marked with input port "1" and the other input port marked with "2" of the interferometer is fed by PASSVS as shown in Fig.1 . We call ports marked with "1" and "2" as classical and quantum ports respectively because of the nature of the injected states. Thus the total input state is |ψ 1,2 = |PASSV 1 ⊗ |(α = |α|e iψ ) 2 , where |α|, µ = |α| 2 , and ψ are the amplitude, mean energy and phase of the coherent pump respectively. Our principal objective here is to check if there is any improvement in phase measurement by de-Gaussifying SVS through multi-photon annihilation.
A. Readout strategy: PASSVS PASSVS are defined as:
where m is the number of photon annihilation, λ = sinh 2 r ("r" being the squeezing parameter) is the mean energy of the SVs, N m − (λ ) is the normalization constant due to non unitary photon annihilation. From the expression of normalization constant of multi photon subtracted squeezed coherent state [23] , we found the explicit form N m 
here χ is the squeezing angle, which we set in the following to χ = 0 without loss of generality. It is worth checking for m = 0, the state in front of the squeezing operator simplifies to vacuum state as expected. For m = 1, it becomes single photon state as reported in [20] . In the next subsection, we shall see the connection between uncertainty reduction and quadrature squeezing, and how this quadrature squeezing is affected depending on the even or odd numbers of photon subtraction. We shall also see the effect of photon subtraction on Quantum fisher information in this framework.
B. Phase estimation and Quantum fisher information
In Fig.1 , the phase delay φ is present in the lower arm of the interferometer.In the standard MZI, the uncertainty in measuring φ is expressed as
whereô is the photon number difference operator at the output port of the interferometer and ∆ 2ô is its variance. For SVs input, it is known that the phase uncertanty is minimum for φ = π/2, thus, at φ = π/2, it can be easily shown
is the quadrature variance of the state at the input port "1" and for ψ = 0, π/2 it becomes Y (momentum) and X (position) quadrature respectively. For other value of ψ, it represents rotated quadrature.Taking φ = π/2 case from the general phase uncertainty expression mentioned in the paper entitled "Quantum limits in optical interferometry" [25] ,one can find, for coherent + squeezed state in the limit of λ > µ, the uncertainty is shotnoise limited whereas in case of λ < µ, the phase uncertainty is proportional to (≈ √ ∆ 2Ŷ /shot noise limit). Thus, for the later limiting case, sub-shot noise limit can be reached by reducing this momentum quadrature uncertainty. Before analysing how PASSVS affect the quadrature squeezing, let us see how the photon subtraction affects the mean energy. For instance, for m = 0 − 4, which correspond to zero, one, two,three and four photon subtraction from the SSV state, our calculated mean enrgies in input port "1" follow â † 1â 1 = λ , 3λ +1, 3λ (3+5λ )/(1+3λ ), and (3+30λ +35λ 2 )/(3+5λ ) respectively. It is easy to check the non linear rise in mean photons per mode with increasing number of photon annihilation. We have carried out the energy balancing in such a way that the mean energies of subtracted states (m=0-4) becomes the energy of the squeezed vacuum state, i.e λ thus, the total input energies to the interferometer always remain the same i.e., N Tot = µ + λ . Variance of Y quadrature has been plotted in Fig 2. From Fig2 a, it is clear that the Y quadrature squeezing for PASSVS is worse compared to SSV for odd numbers of photon subtraction, and for even numbers the quadrature squeezing is better for low value of λ . Earlier works [21, 22] show, the superposition states show quadrature squeezing, but we see the common intuition fails for superposition states generated by odd numbers of photon subtraction from single mode SVs. It is important to note from Fig2a that such superposition states show worse squeezing (more than 0.5) than vacuum state as well. On this fundamental ground, it is worth checking again the quadrature squeezing for two mode photon subtraction and we shall deal with it in the subsequent section.
We worked out the phase uncertainty using eq. 3. The expressions corresponding to subtracted states are tedious and cumbersome to report here therefore, we shall pictorially present the results. Fig2 b represents the uncertanity in phase measurement. Classical strategy at equivalent energies of photon subtracted states are shown by dotted lines. It is easy to check for PASSVS the uncertainty in phase measurement follows the same line like quadrature squeezing for low values of λ and for λ > µ, the corresponding uncertainty in phase measurement using classical strategy is better than the photon subtraction scheme as shown in Fig2b. Interestingly, these results are consistent as per our analysis for two limiting cases of λ . Fig2 c shows the energy balancing condition and in this case, regardless of the values of λ , SVS outperforms SPASSVS. Investigating further the advantage of photon subtraction, we found another unusual but interesting results in estimating phase values other than π/2 for certain range of values of λ . Typically, this happens from value of λ in a middle range (not too small not too high, namely from µ/ 100 <λ < µ/10). Phase uncertainties for this case has been plotted in Fig3, which accounts our energy balancing condition. Next we shall see the advantage if any in QFI perspective. From parameter estimation theory, we can either look for optimal measurements minimising the phase uncertainties, or equivalently for maximizing the Fisher information. For class of pure states [26] , Fisher information takes the following compact form
whereĤ is the generator of the unitary transformation asso- ciated with the parameter φ , i.eÛ(φ ) = e iĤφ and |ψ 1,2 being the total input state entering to the interferometer. In this case the generator is the photon number operator i.en 3 =â † 3â 3 whereâ 3 = (â 1 +â 2 )/ √ 2. From estimation theory, the phase uncertainty relates to Fisher information as
As per eq4, we shall evaluate QFI by considering PASSVS and coherent state as inputs to the interferometer. The complete expressions for QFI for these cases are cumbersome to present here, so we present the corresponding results graphically in Fig.4 . tages for PASSVS unlike phase uncertainty in terms of even or odd numbers of photon subtraction. Without energy balancing, photon subtraction shows advantages for both low and high values of λ and moreover photon subtraction is seen to be advantgious with respect to best clssical strategies shown by the dotted lines in the figure. Nevertheless, for energy balancing condition, the advantage is completely lost as evident from Fig.4 (b) and also from the expression of QFI in the limit N Tot → ∞ as follows:
All these features of photon subtraction from single mode proliferated our interest to check if symmetrical two mode photon subtraction improves quadrature squeezing! and also to test if such improvents can give any advantage for correlated phase estimation, which we shall present in the next section.
III. CORRELATED PHASE ESTIMATION
Correlated interferometry deals with two coupled Michelson's interferometers (MIs) whose output signals are correlated. This is an elegant and powerful scheme in the detection of extremely faint phase fluctuations whose magnitude can be much smaller than the presence of any other sources of noise. The robustness of this scheme over single interferometry comes from the fact that single interferometers are always compounded with background noise therefore, they are inefficient to confirm the presence of such feeble fluctuations. However exploiting correlation at the output port of the interferometer certifies the true presence of these faint signals such as holographic noise (HN) [27] . For analytical purpose, the coupled MIs configuration can be equivalently presented by coupled MZIs for correlated phase estimation and this situation is presented in Fig.5 . Like single MZI, we call ports marked with ("1","2") and ("3","4") as classical and quantum ports respectively. Furthermore, it is useful to recall the input-output relation of MZIs carrying phase φ to be estimated is equivalent to a beam splitter with transmittance τ = cos 2 (φ /2). In the rest of this paper we shall refer τ as interferometer transmission. The zeroth order phase covariance uncertainties of measurement, where the dominant contribution comes from the photon shot-noise [27] , is
where, C(φ 1 , φ 2 ) is the joint observable of the outcomes of the two interferometers. Any measurement on the observable C depends on the initial prepared state of the system, i.e Ĉ = Tr [ρĈ] . Our group has demonstrated [28] the advantage of TSVs for phase covariance measurement reaching SSN sensitivity. Here the principal objective is to investigate whether the de-Gaussification of TSV through photon annihilation can bring any further improvement in uncertainty reduction or not. The observable C is the variance of the photon number difference at the output ports (see Fig 5) , i.e
and according to the homodyne scheme, the photon number difference is related to the quadrature i.e, for µ > λ
Here X ψ+π/2 is the rotated quadrature observable of the input state. For ψ = π/2 and 0, it reduces to X = X 1 − X 2 and P = P 1 − P 2 relative position, momentum quadratures respectively, where X j = a j +a † j √ 2
and
are the quadratures of individual input modes (j=1,2).
Readout strategy: (SPATSV input). Since photon subtraction is not a Hermitian operation, SPATSV is represented as
where N − m is the normalization constant, λ is the mean energy per mode for the TSV, χ is squeezing angle and m is the number of subtracted photons. With a straightforward calculation, it is possible to express it in Fock basis of infinite dimensional Hilbert space as follows
(10) The normalization constant is of the form
, where P m is the m-th order Legendre's polynomial. Furthermore, using squeezed transformation of mode operators a j , it is possible to rewrite the state in eq (10) by applying squeezing operator to a superposition of finite m + 1 component photon number states ;
with ∑ k C m k (λ , χ) 2 = 1. For convenience, let us call |ψ(λ , χ) m , |ρ(λ , χ) m as total state (SPATSV) and superposition state respectively. From eq (11) the superposition vanishes for m = 0 leaving only vacuum state and the total state turns to TSV. Unlike single mode case where single photon subtraction does not generate any photon number superposition, for m = 1, namely one photon subtraction, the corresponding normalized two components photon number superposition state is
This superposition state is an entangled state for non-zero value of λ and in the high λ limit, it become a maximal entangled state. Likewise, It can be easily checked for m = 2, |ρ(λ , χ) m becomes a three component superposition of photon number states and so on. Thus, the superposition arises due to subtraction and its component increases with the photon subtraction number m. Interestingly |ρ(λ , χ) m correspond to a truncated m-th photon component and upon proper normalization to unity, they can be generated by post selection of TSV when up to m photons are detected (in case of ideal lossless case). So the generation of such super-position states enables an alternative scheme for the generation of photon subtracted states in contrast to probabilistic events realized through a BS, shown in Fig 6(a) . This latter case, usually considered in experiments, consists in a post selection of the state, conditioned to double click events at the detectors placed in the two arms. 
IV. STATISTICAL ANALYSIS OF SPATSV A. Squeezing properties
It is known that there exists a class of states, called generalized superposition states, which do not minimize the uncertainty principle, like squeezed state. Nevertheless, they are squeezed in quadrature [21, 22] . For our two modes case, in last section, we demonstrated how the component of superposition state increases with the number of subtracted photon m. Now it is worth checking if the quadrature variance of the superposition states are below the vacuum fluctuation, i.e 0.5. Squeezing properties of the super position state and total state are shown in Fig 7(a) and Fig 7(b) respectively. We found the quadrature squeezing in X = X 1 − X 2 direction as shown in Fig 7 (a) . This enables for choosing the phase of coherent state to ψ = π/. Such choice of the value of ψ preserves the strong non-classical correlation [28] among the modes in terms of noise reduction factor. For all the range of λ , there is squeezing and especially for low values of λ , these states have a larger squeezing than TSV. The overall squeezing for m > 0 improves significantly with respect to TSV (presented in the case m = 0) for low λ and it also depends on the phase χ of the TSV. For χ = 0, total states have always larger squeezing than TSV. However, beyond a certain value of χ, i.e 0.02, TSV shows larger squeezing than SPATSV for high values of λ . This is no surprise as the squeezing strength and angle are interconnected. There is always a squeezing angle beyond which quadrature variance increases for higher squeezing strength. Using the input-output relation of the beam splitters, the final output state at the interferometer can be expressed as
where C(n, λ , m) is the expansion number state coeffiecient of the initial SPAT SV in eq. (10) and F is the BS transmittance dependent factor given by
Thus, the final output state can be seen as a linear combination of photon added coherent states at the measured output ports. For no phase difference in arms, i.e φ = 0 (τ = 1), the SPAT SV and the coherent states will completely exit in 5,7 and 6,8 ports respectively as evident from eq (13). Here we are interested in the joint probability distribution at the measured port. Since in this framework, measurements at 6,8 ports are not performed, φ ≈ 0 can lead to give a normalized probability distribution. Under this approximation, the joint distribution of getting j photons in port 5 and k photons in port 7 follows as
Using the properties of photon added coherent states [5] , the PND has been obtained numerically and it has been shown in Fig.8 for different number of subtracted photon m. As m increases, the most probable photon number occupation of T SV shifts to higher photon number state. Such type of shifts can be understood as the increase of mean energy of the state with increasing m.
C. Sub-Poissonian photon statistics after the BS
Non-classicality of the photon number statistics of a single mode can be described by the Mandels Q parameter:
where N =â †â is the photon number operator. Now we will investigate the statistics after the individual modes get mixed with coherent pump at the interferometers. It is worth noting that even the individual modes of TSV, which have thermal statistics, after the application of subtraction operation become non classical for low value of mean photons per mode, λ , as evident from the negative value of Mandel's parameter. This reflects the shifting of the photon number distribution due to the suppression of the vacuum component as shown in Fig.8 .
D. Noise reduction factor at the measuring ports
Here we present the noise reduction factor, a standard measure of non-classical correlation for a bi-partite state defined as [29] 
Here the numeretor is the variance of photon number difference at the measured ports of the form
where the last term represents the covariance between them. Exploiting the symmetrical properties of individual modes, we show that NRF can be expressed in another interesting form in terms of Mandels Q and correlation coefficient J = Cov(N 5 , N 7 )/ ∆ 2 N 5 ∆ 2 N 7 as follows.
J determines the mode correlation, lying in the range (−1 < J < 1). Thus, the non-classical correlation is simultaneously affected by the individual mode statistics and correlation. Incorporating the scheme of the quantum model [28] , i.e τ 1 = τ 2 = τ), the NRF can be evaluated from eq (17) . We consider the ideal detection efficiency η = 1. The population dominance of coherent power and quantum light at the measured port is determined by the BS transmittance τ. Our analysis shows that for strong coherent power (µ 1) and strong squeezing (λ > 1), the NRF for different m values reduce to NRF of TSV of the form NRF m = 1 − τ. For low value of squeezing (λ < 1), the expressions of NRF for different m values are as follows This is related to the fact that Q is negative in the region of 0 < λ < 0.2 which in turn gives the correlation advantage as evident from eq (19) . As µ decreases, the coherent power reflected proportionally decreases with respect to transmitted quantum light at the measured port making further noise reduction as shown in Fig 10 (a) . 
V. RESULTS
The variance of the measured observable C involves many 4th order moments of photon number operators and their expressions are tedious and too cumbersome to present here. Nevertheless, we shall present simplified expressions in the limiting case of relevant parameters and show the numerical results for significant regime of interest. For a standard reference of shot noise limit (SNL), i.e, 1/mean photons for variance measurement and in order to compare the advantage of quantum strategy with respect to classical scheme, we evaluated the uncertainty using only coherent states with corresponding expression
Hereinafter, we present normalized uncertainty U 0 m,R of SPATSV with respect to coherent states. We always consider very high coherent power (µ 1) circulating in the interferometer [28] . For faint squeezing, i.e λ < 1 we can express the uncertainties for different m values as follows:
These expressions of uncertainties look approximately similar in form and decrease as m increases. Note that for τ → 1(φ → 0) the uncertainties reach their minimum value. Thus, unless otherwise specified, the working point has been set to φ 1,0 = φ 2,0 = φ ≈ 0 in the rest of the paper. In the case of strong squeezing (λ > 1), it turns out that respective expressions for different m do not differ much from each other and for unity BS transmission, all of them reduce to
From the photon number distribution, it is evident that the mean energy increases by photon subtraction operation. In the following, we will analyse this issue further to understand if the uncertainty improvements presented in eqs (23 − 26) are based on the increasing energy or they are associated with the improvement in mode statistics.
A. Without considering energy equivalence
Before presenting our results pictorially, we would like to analyse the individual terms of eq (7) separately to see their variation with respect to the parameters of interest. It is interesting to note that for any value of λ , the variance of the observable C and the sensitivity coefficient S (denominator of eq. (7)) cooperate to the reduction of the uncertainty at increasing λ as shown in Fig 11. For low values of λ , the advantage of SPATSV comes from the reduction of Var( C) with respect to the TSV, whereas for high λ values, the advantage comes from the increasing of the sensitivity coefficient S. We note that Var( C) looks like an exact replica of the quadrature variance shown in Fig 7 as the quadrature X and the observables C are related according to eq. (8) .
Analytical results of uncertainties are plotted in Fig.12 . One can clearly discern two different regions; one for small value of phase, φ << 10 −6 , and the other in which the phase lies in the range 10 −5 < φ < 1. These two regimes correspond to the condition λ τ > µ(1 − τ) (quantum correlation regime) and λ τ < µ(1 − τ) respectively. It is trivial that only φ = 0 always guarantee a quantum like correlation, on the other hand, a proper choice of µ and φ for a certain range of λ values also falls in this regime. In the transition regime for increasing m, the phase at which the transition occurs, shifts to a higher value bringing an additional advantage with respect to TSV. This can be understood from the fact that with increase of m, the energy increases and in order to satisfy the condition λ τ > µ(1 − τ), the phase shifts to a higher value. For instance with the experimentally reachable λ = 2, the m = 3 transition (solid green line) occurs at a higher central phase value than the m = 0 transition (soild red line), thereby enhancing more than 50% of uncertainty reduction as shown in Fig 12(a) . We observe that for small values of λ , in terms of uncertainty reduction SPATSV (m=3) outperforms TSV for the whole range of interferometer transmission, attaining the maximum advantage (around three times) for φ = 10 −6 as shown in Fig 12  (b) . For this value of λ , SPATSV provides also a higher uncertainty reduction than the two independent squeezed states for entire range of φ values. This is a very interesting result.
Detection losses (η) are the main problem which make the quantum strategies inefficient. Here we show in detail the effect of symmetrical photon subtraction and its advantage over the detection loss. The phase correlation uncertainty is plotted vs. φ for an ideal detection loss in Fig 13(a) . It shows for different m values, SPATSV have an uncertainty reduction of orders of magnitude with respect to TSV and two independent squeezed states for φ ≈ 0. In Fig 13 (b) , although the SPATSV shows higher uncertainty reduction than TSV for any 
B. With energy equivalence
Here we follow the similar approach of energy balancing considered in the section of single phase estimation where the energies of two mode photon subtracted states (m=0-3) are made equivalent to the energy of TSV, i.e, λ . Results are plotted in Fig 14. From the figure it is evident that as long as the regime belongs to quantum one, i.e φ ≈ 0, SPATSV outperforms in uncertainty reduction the TSV. Moreover, an important remark here is, by making the subtracted states less energetic as of TSV, the improvement due to annihilated states in terms of uncertainty reduction is more at higher loss values compared to TSV. For instance, in this scenario SPATSV (m=3) gives around 26 % of uncertainty reduction advantage compared to TSV at 20 % of detection loss. Thus, the improvement in uncertainty reduction by subtraction scheme is not only from the energy shifts, but it also comes from the enhancement in mode correlation and statistics.
VI. SUMMARY AND CONCLUSIONS
We have studied in detail multi photon subtracted one and and two mode squeezed vacuum state, and demonstrated their relevance for phase estimation in both single and correlated interferometry. We have obtained new compact form expres- sions which show photon subtraction is an operation that results equivalent to the squeezing of a certain finite superposition states in the photon number basis. The number of components in the finite superposition increases with the number of subtracted photons. Quadrature squeezing is always associated with superposition states, and more is the component of superposition, the stronger is the quadrature squeezing strength. However, the squeezing of the final PASSV state, after the apllication of theŜ 1, 2 trasformation, not necessarely improves with the number of subtracted photons. In the case of odd number of photon subtraced it is definitely worse than SSV, while for even photon subtraction is higher than the SSV only for relatively small brightness, basically due to the mean energy enhancement of the state. This behaviour is completely mapped in the uncertainty in the phase estimation. Indeed by comparing the phase sensitivity after a renormalizing the energy of the PASSV to match the one of SSV the advantage of the photosubtraction disappears, at least considering the optimal working point of φ = π/2. For other values of the central phase we have found different behaviour and in some cases, as shown in Fig. 3 , the advantage of photon subtraction is preserved also when energies are balanced. Furthermore, we found another interesting regime for φ = π/2 where the advantage of photon subtraction is evident even in the energy balancing condition. In terms of QFI, we found improvements regardless of the number of photon subtraction, but for energy balancing condition the advantage due to photon subtraction is completely lost though reaching Heisenberg limit at the limiting case of higher total energy N Tot→∞ entering to the interferometer in loss less scenario.
Looking at these features of photon subtraction in single interferometry, we were motivated to test symmetrically multiphoton annihilated two mode squeezed vacuum state for correlated phase estimation [27, 28] . Usually such states are generated by probabilistic events with low success rate. We showed analytically how symmetric photon subtraction from two mode squeezed vacuum leads to a squeezed finite component superposition states and these superposition states before the non linear interaction can provide an alternative way for the deterministic generation of SPATSV states. We found, unlike single mode case, these superposition states always show quadrature squeezing and their strength increases with the number of symmetrical photon subtraction. Various statistical properties including photon number distribution, Mandel's Q function, and noise reduction factor manifested higher nonclassicality of SPATSV with respect to TSV suggesting its importance for correlated phase estimation. We found for all λ values, the SPATSV allows achieving a larger uncertainty reduction than TSV for φ ≈ 0 (three times improvement for low λ values and 50% improvement for high λ values). Especially for low λ , the use of SPATSV is even better for uncertainty reduction than two independent squeezed states for all the phase values of the interferometer. Moreover, we found SPATSV more robust than TVS against detection loss, in general performing better especially for lower detection efficency. Even in energy balancing scenario, they are still found to be advantageous compared to TSVs at high detection loss of around 20 %. Albeit the energy rises for symmetrical multi-photon subtraction, the overall improvement of phase covariance measurement relies on both the energy increment and low noise of individual modes compared to TSV.
